We propose a simple and fast numerical method for solving an evolution equation for closed flame/smoldering fronts, equivalent to the Kuramoto-Sivashinsky equation in a scale. Comparison of numerical results and an experiment suggests that our model equation is valid for not only propagating gas-phase flame fronts but also expanding smoldering fronts over thin solids.
Introduction
Let Γ(t) be a flame/smoldering front or a smooth Jordan curve at time t in the plane R 2 . The front Γ(t) is parameterized by x(u, t) for u ∈ [0, 1] and moves bẏ x(u, t) = V (u, t)N (u, t) + W (u, t)T (u, t),
whereḞ = ∂F/∂t. V is the normal N velocity given by
κ ss is the second derivative w.r.to the arc-length s (defined below), V (0) is a constant speed, and α eff and δ are positive parameters. W is the tangent T velocity that controls the grid-point spacing to be uniform [1] .
As shown in the next section, (2) , in a certain scale, is equivalent to the so-called Kuramoto-Sivashinsky (KS) equation for the graph y = f (x, t) of a curved flame front [2, 3] :ḟ
where f = ∂f /∂x, f = ∂ 2 f/∂x 2 and f = ∂ 4 f/∂x 4 . One of our goals of this paper is to propose a simple and fast numerical method for front tracking of (1).
Scaling argument
Our approach below is quite simple and differs from [4] , but the result is the same. When the front Γ(t) is described locally by a graph y = f (x, t) − V (0) t, the normal velocity is V = (V (0) −ḟ )/g, and (2) becomeṡ f + V (0) (g − 1) + (α eff − 1)gκ + δgκ ss = 0, (4) where g = 1 + f 2 , κ = f /g 3 and κ ss = (κ /g) /g. Since the KS equation (3) is valid when the parameter α eff is close to 1, we can put ε = |α eff − 1| > 0, a small parameter, and rescale (4) from f to l via ε such that
where 4 . Since α eff − 1 = sgn(α eff − 1)ε, omitting the term o(ε 3 ) and putting back from l to f = εl, one can extract the following equation in the original scale (x, t):
This is nothing but the KS equation (3) when V (0) = 1 and δ = 4. Therefore the evolution equation (1) can be regarded as a generalization of the KS equation.
Moving curve fronts
Time evolution of a Jordan curve Γ(t) is parameterized by
Here the positive direction of u is counterclockwise, x = ∂x/∂u and g(u, t) = |x | is the local length. We denote |a| = √ a · a where a · b is the inner product between a and b ∈ R 2 . The unit tangent vector is T = x /g = x s where s is the arc-length parameter ds = g du and F s = F /g, i.e., ∂/∂s = g −1 ∂/∂u is the formal definition. The unit outward normal vector is
Then the curvature κ is obtained from the Frenet formula T s = −κN or κ = det(x s , x ss ) where F ss = (F /g) /g. See Fig. 1 (a) . A geometric evolution problem can be formulated as follows: For a given initial Jordan curve Γ 0 , find a family of curves {Γ(t)} 0≤t<T starting from Γ(0) = Γ 0 which evolve by the normal velocity V . A simple example of V is the Eikonal equation V = −1, which is the gradient flow of the enclosed area
Another typical example is the classical curvature flow equation V = −κ, which is the gradient flow of the total length
The third example is the Willmore flow equation V = κ ss +κ 3 /2, which is the gradient flow of the elastic energy or the Willmore energy
As the final example, we recall the surface diffusion flow equation V = κ ss which is formally obtained from the Willmore flow equation without the term κ 3 /2. In this paper we follow the so-called direct approach in which the evolution of the position vector x = x(u, t) is governed by equation (1) . The normal velocity V is a linear combination of the Eikonal, the classical curvature flow and the surface diffusion flow equations with the coefficients V (0) , α eff − 1 and δ. If α eff > 1, then (α eff − 1)κ induces instability, and δκ ss plays a stabilization role of the unstable front. An alternative stabilization method is to use the Willmore flow [5] . Note that the tangential velocity W has no effect on the shape of evolving front, which is determined by the value of the normal velocity V only. Hence the impact of a suitable choice of W on the construction of robust and stable numerical schemes has been pointed out by many authors (see e.g., [1] and references therein).
Space discretization
In the direct approach, a moving Jordan curve is approximated by a moving Jordan polygonal curve, say P(t) at time t, with N vertices labeled x 1 , x 2 , . . . , x N in the anti-clockwise order. Let P i be the i-th
Our goal here is to construct a discretization of (1) in space, i.e., to derive a system of ordinary differential equations (ODEs in short) for P(t):
where V i is the normal N i -component of the velocity at x i , obtained from a discretization of (2), and W i the tangential T i -component of the velocity at x i that controls the grid spacing to be asymptotically uniform.
The right-hand-side of (7) consists of several polygonal quantities on P at time t, and all of them can be constructed from {x i } N i=1 through the following steps. In what follows, these are regarded as functions of time t with N -periodic index, i.e.,
Step
. . , N, and ω will be defined later; GOAL (7) can be summarized as the following ODEs:
where X = (x 1 , x 2 , . . . , x N ) ∈ R 2×N , and
The background of the above steps are the following.
Step 1 r i is the length of P i , t i is the unit tangent vector on P i , and n i is the outward unit normal vector on P i . See Fig. 1 (b) .
Step 2 To define the tangent and normal vectors at x i , we use the angle φ i between the adjacent edges P i and P i+1 (t i · t i+1 = cos φ i ). As in Fig. 1 (b) , the unit tangent vector T i at x i are defined by an average of the adjacent corresponding vectors in the sense as in Step 2.
Step 3 To define the curvatures on P i and at x i , we use (5) rather than the Frenet formulae, i.e., we recall that the curvature can be defined by the first variation of the total length L from (5). From (7), the total length
It is a natural definition since the normal velocity V i at x i is the average of the adjacent normal averaged velocities in the sense of (10). Then it follows thaṫ
which is a discretization of (5), where κ i in (8) is the polygonal curvature on P i . Note that κ i is same as the polygonal curvature or the crystalline curvature in a prescribed class of polygonal curves [6] and v i is not necessarily equivalent toẋ i · n i (see Step 6 below).
Step 4 To compute (κ ss ) i , we calculate the gradient
, which is a discrete analogue for obtaining the Willmore flow equation from (6) . Under a direct calculation, we havė
where κ
, and err E is the remaining term. The term (κ ss ) i is extracted from (12), which is defined in Step 4. Note that the difference operator (9) is meaningful, since (tŝ) i = −κ i n i holds, which is a discrete version of the Frenet formula T s = −κN .
Step 5 The averaged normal velocity v i on P i is given by a discrete version of (1), i.e., a linear combination of
Step 4. The normal velocity V i at x i is determined by the average (10).
Step 6 The gradient direction of the enclosed area
is not N i in general, and so an error term appears as follows:
holds, where in short) ). The former method is equivalent to the case v i =ẋ i · n i , and in this case, P is restricted in a prescribed class of polygonal curves as mentioned in Step 3. In this paper, we choose the latter method. Because of numerical errors, an asymptotic UDM is utilized practically as follows.
There are two ways to eliminate err
To obtain the asymptotic UDM,
Differentiating both sides of this equation and putting ω(t) =μ(t), we haveṙ i = U i for i = 1, 2, . . . , N, where
and ω is a large value if T max = ∞ as in this paper's case. Also, we obtain the tangential velocity equation
for i = 1, 2, . . . , N. Since these N equations are linearly dependent, imposing the zero-average condition N i=1 W i = 0 yields N linearly independent equations, which can be solved as in Step 6.
Time discretization/point insertion
To solve ODEs (11), we use the classical fourth order Runge-Kutta method for computing P m+1 from P In our model, the total length increases with time. Hence for an accurate computation, two approaches can be considered: the first is to begin a calculation with large N needed at the end of the calculation, whereas the second approach is to insert points during the calculation. The latter can expedite the computation but may lose the numerical accuracy. In this study, when inserting points, the number of points N is doubled when the total curve length increases two times according to the following rule: Let the fifth-order curve connecting
, where coefficients a j are determined to satisfy
We choose a new vertex as the "mid" point between x i−1 and x i , that is, y(1/2).
Under this point-insertion rule, our time step helps expedite computation, since if L m1 ≈ 2L m0 for m 1 > m 0 , then N points are inserted and the new time step
We shall compare two cases (N fixed or increased) to test the influence of inserting points in the next section. In all the following computations, the relaxation parameter ω in Step 6 is chosen such that ω = 0.1/Δt m .
Computational results
We consider the case of α eff = 6 with the initial condition being an ellipse of semi axes of 5 and 6 ( Fig. 2 (a) ). Note that α eff = 6 represents a highly unstable condition, and the flame front unrealistically self-intersects at t = 8, necessitating an algorithm to exclude flame selfintersection, which will be a topic of our future research. The discussion below is hence limited to the numerical accuracy. Computations with fixed values of N were first conducted for t ≤ 8, revealing that results at t = 8 are nearly identical when N ≥ 300 (Fig. 2 (b) ).
The maximal N value of 400 is therefore chosen in Figs. 2 (c) and (d) , where we see the influence of inserting vertices on a polygonal curve by comparing the results obtained for N = 400 with those obtained by inserting points such that N increased from 100 to 400. Roughly identical results were obtained although one can observe slight differences especially in regions where instability is enhanced. Considering that the computational time was reduced to less than 1/10 by inserting points and that α eff = 6 is an extremely unstable condition, the present 
method has advantages for practical purposes. Fig. 3 (a) appears to be expanding circles. Indeed, if P(t) is a regular N -sided polygon circumscribing a circle with radius R(t), then from (13) we haveṘ(t) =
. This is exactly the same as the circle-solution Γ(t) with radius R(t) of (1) if v (0) = V (0) . In Fig. 3 (b) , expanding circles with noise are shown. The noise is made in the following manner: From a given curve x(u), a polygonal curve with 5% noise in the next section suggests that our scheme can also be regarded as a model of smoldering fronts, cf. [7] .
Experiment of smoldering spread
Outward smoldering spread was observed on a paper sheet of 0.2 mm thick placed above a horizontal floor. The paper sheet was inserted between two annular plates of 200 mm inner diameter, of which the lower one was 3 mm thick and thus fixed at the height of 3 mm from the floor. Because of heat loss to the floor near the paper sheet, the gas-phase flame was very weak, making the phenomenon similar to smoldering spread. The paper sheet was ignited at its center. Fig. 4 shows three images of burnt area and an image of superimposed smoldering fronts at a time interval of 25 s.
Conclusion
We proposed an evolution equation for a closed curve and showed its equivalence to the KS equation in a certain scale. Our numerical method is simple and fast, and comparison between experimental and numerical results suggests that the model equation is valid for not only propagating gaseous flame fronts but also expanding smoldering fronts over thin solids.
